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Abstract 

We prove an index theorem for Toeplitz operators on the quarter-plane 
using the index theory for generalized Toeplitz operators introduced by 
G. J. Murphy in [B]. To prove this index theorem we construct an indicial 
triple on the tensor product of two C*-algebras provided with indicial 
triples with general conditions. We show that our results can be extended 
to some extensions of the theory of Toeplitz operators on the quarter- 
plane. 

1 Introduction 

In this section we introduce some problems emerged in [5| when the classical 
theory of Frcdholm index was used to study the index theory of Toeplitz op- 
erators on the quarter-plane. We start with setting some notation that we are 
going to use throughout this paper. We will denote the fields of real and com- 
plex numbers by R and C, respectively, and the set of integers will be denoted 
by Z. The unit circle in C will be denoted by T and the function T ^ C, A A 
will always be denoted by z. If if is a compact space, then we will denote the 
algebra of continuous complex- valued functions on K by C{K). 

Let (T) be the space of square-integrable functions relative to the normal- 
ized Lebesgue measure on T. Then the set {cm | to G Z} is an orthonormal basis 
for the Hilbert space L^(T), where = z"^ . The classical Hardy space iJ^(T) is 
defined as the closed linear subspace of i^(T) spanned by the set {cm \ m > 0}. 
The orthogonal projection of L^(T) onto H^{T) will be denoted by Pt- 

Similarly, we define L^(T^) as the space of square-integrable functions rel- 
ative to the normalized Lebesgue measure on T^. We identify i^(T^) with 
I/^(T) (g) L^(T). Hence, the set {e™ (X> e„ | m, n e Z} is an orthonormal basis 
for the Hilbert space L^(T^). We define the Hardy space _ff^(T^) as the closed 
linear subspace of L'^{T'^) spanned by {cm (E'en | rn,n > 0}. Thus, _ff^(T^) — 
i?2(T) (g) H'^(T). Let Pj2 be the orthogonal projection of L'^{T^) onto H'^{T'^). 
Then Pj2 = Pf(^Pj. 

Now we define Toeplitz operators on the quarter-plane. Let ip G C(T^). 
Then the Toeplitz operator on ii^(T^) with symbol ip is defined by the 
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relation W^{f) = PT2{ipf) (/ £ H^{T^)). These operators and the C*-algebra 
Tj2 generated by them were studied by R. G. Douglas and R. Howe among 
others. Douglas and Howe showed that there are Fredholm operators in 7^2 of 
arbitrary integer index [2 Corollary of Theorem 1]. However, they found that 
the Toeplitz operator W^p is a Fredholm operator if and only if if is non- vanishing 
and homotopic (in the set of invertible functions in C{T'^)) to a constant function 
[U Corollary of Theorem 1]. Equivalently, (p = e"^ for some G C(T^). In this 
case the Fredholm index is zero. Thus, the classical Fredholm theory gives 
a trivial index for Toeplitz operators on the quarter-plane. This situation is 
similar to that in [1] where C. A. Berger and L. A. Coburn studied Toeplitz 
operators on the group U(2) of unitary 2x2 matrices. In [5], G. J. Murphy 
introduced a satisfactory index theorem for Toeplitz operators on the group 
U(2) using a generalization of Fredholm index he developed earlier in [3] and 
later he put his results in a general framework [5^. Murphy's results follow from 
the existence of a structure he called an indicial triple. Thus, the index theorems 
will follow once we have constructed a suitable indicial triple. An indicial triple 
on a C*-algebra defines a topological index on the given C*-algebra. Moreover, 
it defines a generalized Fredholm index on the (generalized) Toeplitz operators 
defined by the given C*-algebra. The relation between both of these indices 
is similar to the relation between the topological and the Fredholm indices in 
classical Toeplitz operators (Toeplitz operators on the unit circle T). 

In this paper, we use the results in [B] to obtain an index theorem for Toeplitz 
operators on the quarter-plane. To do this we will prove in Section [5] a general 
theorem showing that we can construct an indicial triple on the tensor product 
of two C*-algebras provided with indicial triples satisfying certain conditions. 
In Section [3l we use our construction to prove an index theorem for Toeplitz 
operators on the quarter-plane. In our index theorem, a Toeplitz operators 
is a Fredholm operator (in a generalized sense) if and only if (p is non-vanishing 
on T^. Moreover, the Fredholm index of is non-zero unless (p = e"^' for some 

ij e C(t2). 

Now we describe some extensions of the theory of Toeplitz operators on the 
quarter-plane. Let L^(T^) be defined in the same manner as L^(T^) and let 
i/2(T^) be defined analogously, where N > 0. Hence, L^i^^) = {g)f^i L^{T) 
and H^{T'^) — ^^^i H^{T). We define the projection Pjn as the orthogonal 
projection of L'^{T'^) onto if2(T^). Thus, Pjn ^ Pi (g) ■ ■ ■ (g) Pj. The Toephtz 
operator W^p on H'^{T^) with symbol (p G C(T^) is defined by the relation 
Wfif) = Pr^iff), for any / G H^{T^). Douglas and Howe showed that their 
results on the quarter-plane do not extend to Toeplitz operators on H'^iT'^) 
for > 2 [51 p. 215]. Our results can be extended quite easily to Toeplitz 
operators on iJ^(T^) for any positive integer N. 

Let L%{T^) = ®k=iL^(J^) and let Hj^iT^) be defined similarly, where 
A^ is a positive integer. Then the orthogonal projection P^ of L^(T^) onto 
Hjf (T^ ) is equal to Pj2 © • ■ • © Pj2 . Now we define another extension of Toeplitz 
operators on the quarter-plane. These operators are defined by the relation 
W^if) = Pjv($/), / e i^|,(T2), where $ = [p,,], e ^(T^), l<i,3<N. 
The results in [5] established for Toeplitz operators on the quarter-plane do 
not extend to these operators if A^ > 1 O p. 214]. On the other hand, our 
results can be extended with a little effort to these operators using our results 
on Toeplitz operators on the quarter-plane and results from 
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2 Index Theory for Tensor Products 



Suppose that A is a C*-algebra and tr is a trace on A. We will denote the ideal 
of definition of tr by A^tr and the closure of Altr by A^ti - If a, 6 e A, then we say 
that [a, b] = ab — ba is a commutator of a, b. The closed ideal generated by all 
commutators in A is called the closed commutator ideal of A and we will denote 
it by Com(^). We denote the group of invertible elements in A by lnv{A). All 
tensor products of C*-algebras in this paper are the spatial tensor products. 
The symbol denotes the algebraic tensor product. 

To introduce the main problem in this paper, we give the definitions and the 
results of the index theory for generalized Toeplitz operators developed by Mur- 
phy in 6J. Let C and C be unital C*-algebras such that C contains C as a unital 
C*-subalgebra. Suppose that _F is a self-adjoint unitary in C and tr is a lower 
semicontinuous trace on C. If the unital *-subalgebra {(p e C | [F, ip] G Aitr} is 
dense in C, then we call the triple Q = {C, F, tr) an indicial triple for C |H1 p. 
266]. We usually denote the latter dense *-subalgebra by Cq, and the commu- 
tator [F, (p] will be denoted by d(p, where ip C. Sometimes we refer to C by 
the symbol algebra of il. 

A topological index on a unital C*-algebra C is a locally constant mapping 
u : Inv(C) — > M such that uj{(fip) = to{>f) + uj{ip), for all (p,ip G C. Let C 
be a C*-algebra and let O = (£, F, tr) be an indicial triple for C. Then there 
exists a unique topological index w on C such that uj{ip) — ■^tr{(p~^d(p), for all 
if e Inv(Cn) [3 Theorem 2.6]. 

Let Cj be the unital C*-subalgebra of B(L^(T)) generated by C(T) and the 
projection Pj. If we define the trace trx as the restriction of the canonical trace 
on B(L^(T)) to Cj and we define Fj as the self-adjoint unitary 2Pj — 1, then, 
by O Example 2.7], ilj = {CT,Fj,tij) is an indicial triple for the C*-algebra 
C(T). Let ujj be the topological index related to the indicial triple ^Ij. If 
if £ Inv(C(T)), then wt(</') = wn((/3), where wn{ip) is the winding number of ip. 

Let n, — {C, F, tr) be an indicial triple for the C*-algebra C and let P = 
{F + l)/2. If (/3 G C, then we call = PipP a Toeplitz element associated 
to O. The C*-algebra A generated by all these elements is called the Toeplitz 
algebra associated to the indicial triple fi. Note that ^ is a unital C*-algebra 
with P as its unit. We define the trace Tr on A as the restriction of tr to A. To 
avoid trivialities, the trace Tr must be non-finite and this is equivalent to the 
condition P ^ A^tr- Henceforth, we will assume that any indicial triple in this 
paper satisfies the latter condition. An element a G ^ is called an fl-Fredholm 
element if there exists an element b € A such that P — ab, P — ba £ .Mti- The 
element b is called a partial inverse of a. The Ti-index of a, or the Fredholm 
index of a relative to Tr, is defined by the relation indexn(a) — Tr(a5 — ba). 
Moreover, a is an S7-Fredholm element if and only if there exists an element 
c G A such that P ~ ac, P — ca £ /Ctt- By [SI Theorem 3.1], if ip is an invertible 
element of C, then T^ is an fi-Fredholm element and indexQ(T^) = —Lu{p), 
where lu is the unique topological index related to Q. 

We will refer to the C*-algebra Tj generated by Toeplitz operators on the 
unit circle by the classical Toeplitz algebra. This algebra is *-isomorphic to the 
Toeplitz algebra associated to the indicial triple fix defined above. Hence, 
we can identify these C*-algebras. If v? G C(T), then the Toeplitz element T^p is 
an l^T-Fredholm element if and only if it is a Fredholm operator in the classical 
sense. Moreover, in this case the Trj-index is identical to the classical Fredholm 
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index, where Ttj is the restriction of the trace trT to ^t- 

Similar to the case of classical Toeplitz operators and Toeplitz operators 
on U(2), we want to construct an indicial triple for C(T^) — C(T) (g) C(T) to 
obtain an index theorem for Toeplitz operators on the quarter-plane. We can 
view C(T^) as a unital C*-subalgebra of B(L^(T^)). Let F'f2 be the self-adjoint 
unitary 2Pj2 - 1 and let Cj2 = Ct ® Ct C B{L^{T^)). Note that C{t^) C Cj2 
and Pi2 g Ct[2. To construct an indicial triple for C(T^), we need to define 
a trace on Cj2. The first thing comes to mind is the construction tvj (g) trj. 
Let tro be the restriction of the canonical trace on B(_L^(T^)) to Cj2. Then 
Mtr-i © MtTT ^ A^tro7 ^trT © ICtrj = ^tio and 

tro(a (g) 5) = trT(a)trT(fo) (a, b G Mtn)- 

Moreover, trg is the only lower semicontinuous trace satisfying these conditions. 
Hence, we can consider the trace trg as the tensor product of the trace trT 
by itself. The trace tro with the C*-algebra Cj2 and the self-adjoint unitary 
F'f2 does not define an indicial triple for C(T^). To see this, suppose that 
{Cj2,F-r2,tTo) is an indicial triple for C(J^). Then {(p e C{T^) \ dip £ TWtro} 
is dense in C(T^). Consider the function z (g 1 e C(T^). There is a sequence 
{fm)m=i i'^ C(T^) such that d(/3,„ G Mtro and ipm — > z ® 1. This impHes 

2[Pt, ® Pt = d(z (g 1) e /Ctro C K(L2(T2)), 

a contradiction. 

It is obvious now that the main difficulty in the construction of an indicial 
triple for C(T^) is finding a suitable trace. Similarly, the construction of the 
trace for defining a generalized Fredholm index for Toeplitz operators on U(2) is 
the main result in [5]. If we have a character t on (a non-zero multiplicative 
linear functional), then it is easy to show that r g) trT and trT ig t are traces on 
Ct g) Cf. Moreover, if the character r does not vanish at Pf, then, as we will 
see soon, the C*-algebra Cj2 and the self-adjoint unitary Fj2 provided with the 
trace r (g trj + Otr-f g) r define an indicial triple for C(T^), where 6* is a fixed 
positive number. We will prove our result in a general setting to make it useful 
in other possible extensions of the theory. 

Let = {£i, Fi, tii) be an indicial triple for the C*-algebra Ci and i — 1,2. 
We denote by Cq^ the dense unital *-subalgebra of d consisting of the elements 
(fi G Ci such that dcp = [Fi,(p] S Aitrt- The main target in this section is the 
construction of an indicial triple = {£, F, tr) for the C*-algebra C = Ci g) C2. 
Motivated by the previous discussion, we let C = Ci® C2 and we define F G C 
as the self-adjoint unitary 2(Pi g) P2) — 1, where Pi = {Fi + l)/2, i = 1,2. Let 
Ti be a character on Ci such that Ti{Pi) ^ (equivalently, Ti(Pi) ~ 1), for 
i = 1,2. Then tri g) T2 is a lower semicontinuous trace on L\ ® Li, where 
(tri g) T'i){a) = tri((t g) T-i){a)) [a G Cj^)- The trace t\ g) tr2 is defined similarly. 
Hence, the mapping 

tr : £+ ^ [0,+oo], tr(a) = 6'i(tri g) T2)(a) + 6'2(ti g) tr2)(a) (a G £+) 

is a lower semicontinuous trace on £, where d\, 62 are fixed positive real numbers. 
We need the following lemma to show that L and F provided with this trace 
define an indicial triple for C . 
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Lemma 2.1 Suppose that A, B are C* -algebras. Let tr^^jtrs be lower semi- 
continuous traces and let ta,tb be characters on A,B, respectively. If a E A 
and b S A^tr^ ^ ker(TB), then a ® b belongs to the definition ideal of the trace 
9itrA (S) tb + 02TA ® tiB, where 9i, 02 are fixed positive numbers. Moreover, 

(tr^ (8)rB)(a(X)fo) = 0. 

Proof. It is obvious that |6| belongs to the C*-subalgebra ker(rB) of B. 
Note that \a(g)b\ = \a\ ® |5|. Hence, 

(tTA®TB){\a®b\) = tTA(^ii®TB){\a\ ® 
= tr A{TB{\b\)\a\) 
= tr^(0- |a|) =0. 

Thus, \a®b\ e A^^^^,^^. By Proposition Al(b)], \{tr a <S) tb) {a (g) b)\ < 
{tiA "X) TB){\a (g) b\). Hence, (tr^ (g) TB){a (g) &) = 0. By ^ Proposition Al(a)], 
\b\ e MtTB and it follows immediately that |o(g)5| = \a\ (g |6| G M^^^^^^. Thus, 
\a (g b\ belongs to the definition ideal of the trace 6*1 tr^ (g + 62TA €3 tiB and 
again by ff, Proposition Al(a)], a g) & belongs to this ideal too. □ 

Now, we show that dip e Mtn for every ip in the unital dense *-subalgebra 
Cfii Cfi^ of C. To do this, it is enough to show that d{ipi (S> 'P2) ^ Altr, for 
all ipi & Cfii , (P2 ^ C'oa ■ It is easy to see that 

d((^l ® (^2) = 2{[Pi,ipi](g, P2ip2 + ipiPl ® [-P2,<^2])- 

By Lemma [O] [Pi,ifi] (gP2<^2 and (piPi ig) [P2, ^2] belong to the definition ideal 
of the trace tr = ^itri g) T2 + 6*2X1 (g tr2. Hence, d{ipi g) 1P2) £ A^tr- It follows 
immediately now that — (£, F, tr) is an indicial triple for C. 

The following theorem describes the construction of the trace on the tensor 
products and it gives a simple formula to calculate the index for elementary 
tensors of invertible elements. 

Theorem 2.2 Let Cli — {Ci, Fi,tTi) be an indicial triple for the C* -algebra Ci 
and let Pi = {Fi + l)/2, where i ~ 1,2. If there exists a character Ti on Ci such 
that Ti{Pi) 7^ 0, then O = (£, F, tr) is an indicial triple for C — Ci ® C2, where 
£ = £1 (g C2, F = 2{Pi (g P2) — 1 and the trace tr : ^ [0, +00] is defined as 

tr(a) = 6li(tri (g T2){a) + 6'2(ri (g tr2)(a) (a G £+), 

where 61,62 are fixed positive numbers. Moreover, 

U}{ipi g) IP2) = 6'iWi((^i) + 62i^2{V2), 

for all ifi e Inv(Ci), (p2 G Inv(C2), where lui,uj2,'-^ are the topological indices 
related to the indicial triples ili,f22,i^, respectively. 

Proof. By the discussion above, the only thing we need to prove is the last 
equality, and by continuity, it is sufficient to show that 

uj{ipi g) 1P2) = 6iuji{(pi) + 621^2(^2), 
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for all (fii G Inv(Coi), f2 G Inv(Csi2). Note that 

uj{<fi (g) (P2) = ^triifi ® (p2y^d{ifii (g) LP2)) 

We calculate each item separately. It is obvious that (pi'^[Pi,(pi] e ker(Ti) and 
(P2^[P2,'-P2] & ker(T2). Hence, by Lemma [2. 1[ we have 

itTi(E)T2){Pl(E)ip2^[P2,ip2]) ^ iTi(g)tT2){iPi^[Pl,^l](E)ip2^P2ip2) =0. 

By the proof of Lemma [2.11 Pi (p2^[P2, ^2] belongs to the definition ideal of 
the trace ri ® iv2 and 

{Ti®tY2){Pl®ip2^[P2,V2\) ^ Ti{Pi)tY2{ip2^[P2,V2\) =(^2(^2). 

since ti(Pi) = 1. Similarly, we can show that 

(tri (gT2){(Pi'^[Pl,ipi] ®(P2^P2'P2) = Wi(^i). 

Hence, uj{ipi ® ip2) = ^^11^1(951) + 6'2^^2(<P2)- □ 

By induction, we can generalize this result to the tensor product of any finite 
number of C*-algebras under similar conditions. 

Theorem 2.3 Let n he a positive integer and let VLi — {Ci, Fi, tr^) be an indicial 
triple for the C* -algebra Ci, for every i — 1, . . . ,n. Suppose that there exists a 
character Ti on Ci such that Ti(Pi) ^ 0, where Pi — {Fi + l)/2, for every i — 
1, . . . , n. Then the triple = [C, F, tr) is an indicial triple for C = Ci® - ■ -(gCn, 
where C — Ci® - ■ -igCn, F = 2{Pi(^- ■ -igPn) — ! and the trace tr : £+ [0, +00] 
is defined by the relation 

n 

tr((^) = ^ 9i{Ti g) ■ ■ ■ (g) Ti_i (g) tri g) Ti+i g) ■ ■ ■ g) Tn,){(p) {(p e C^), 

4=1 

where 9i, . . . ,9n are fixed positive real numbers. Moreover, 

U>{ipi g) ■ ■ ■ g) (fin) ^ 9iUJi{(pi) H h 0nU}niipn), 

for all ipi G Inv(Ci), . . . , y)„ G Inv(C„), where uji,uj are the topological indices 
related to the indicial triples rii,i}, respectively. 

Remark 2.4 In Theorem 12.21 and Theorem 12.31 it is obvious that the value of 
the index on tensor products at elementary invertible tensors is independent of 
the choice of the characters. 

The construction of the indicial triple for the C*-algebra C = Ci (X) C2 in 
Theorem 12.21 (and similarly in Theorem 12. 3p depends on the existence of the 
characters ri, T2. We will use the following lemma to show that these characters 
do exist under fairly general conditions. 

Lemma 2.5 Let = {C,F, tr) be an indicial triple for the commutative C*- 
algebra C and let P ^ {F + l)/2. If C ^ C*(C, P) (the C*-algebra generated by 
C and P), then Com(£) C /Cj,.. 
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Proof. Let = {<y3 £ C | = 2[P, ip] e Mu}- If ^ e C, then, by the 
density of C^, [P, ip] G /Ctr- Denote by S the set of all elements of C of the form 

a = ipoPipiPip2 ■ ■ ■ (pn-lP(Pn, 

where n is a non-negative integer and ipi G C, for all < i < n. Hence, for such 
an element a e iS, we have 

[a, P] = [ipo, P]P(piP(p2 ■ ■ ■ (p„-lP(pn + ipoP[Vl,P]Pyy2 ■ ■ ■ ipn-lP^n + 
h ipaPipiP(p2 ■ ■ ■ ipn-lPVPn, P]- 

Moreover, if G C, then 

[a,ip\ = (po[P,ip\(piPip2---iPn-lPVn+'PoPVl[P^V]V2---Vn-lPVn + 
h (poPipiPip2 ■ ■ ■ ipn-l[P, ifilVn- 

Since /Ctr is an ideal, we have [a, P], [a, (/s] G /Ctr for any a G iS, (/? G C. Note that 
we need the commutativity of C to show that the latter equality holds. Now, if 
b E S, then 

[a, b] = [ipo, b]P(piP(p2 ■ ■ ■ (fin-lP^n + Vo[P, b](piP(p2 ■ ■ ■ (pn-lP(Pn + 

ipaP[ipi,b]Plp2 ■ ■ ■ ipn-lP^n H 1- (paPipiPip2 ■ ■ ■ ipn~lP[Vn, b]. 

Thus, [a, b] G /Ctr, for all a, 6 G iS. Denote by T> the set of all the sums X]"=i '^ii 
where G 5, 1 < i < m, for some positive integer m. Note that 2? is a unital 
*-subalgebra of C and C U {P} QT> <Z C. Hence, V is dense in C. Let a,b E V. 
Then a — '^i and b — X]J=i^jj where ai,bj G S for 1 < i < m and 

1 ^ j ^ "-J for some positive integers m, n. Thus, [a,b] — J2Tj=il^i^^j] ^ ^tr- 
Hence, by the density of P, we can easily show that [a,b] G ACtr, for any pair 
of elements a, 6 in C. This implies that the closed commutator ideal of £ is a 
subset of /Ctr- n 

Theorem 12.61 below shows that the characters needed for the construction 
of the trace in Theorem 12.21 and Theorem 12.31 do exist under the conditions of 
Lemma 12.51 

Theorem 2.6 Let D, ~ (£, P, tr) be an indicial triple for the commutative C*- 
algebra C such that C — C*(C, P), where P — (F + l)/2. Then there exists a 
character t on C such that t{P) ^ 0. 

Proof. By Lemma \TM Com(£) C /Ctr. Let tt : C ^ C/Com{C) be the quo- 
tient *-homomorphism from C to the commutative unital C*-algebra £/Com(£). 
In the previous section we assumed that P ^ A^tr and this implies that P ^ /Ctr- 
Therefore, 7r(P) 7^ 0. Hence, there exists a character tq on C/Com{C) such that 
To(7r(P)) 7^ 0. Thus, the mapping t = tqt: is a character on C such that 
t(P) ^ 0. □ 

Note that the indicial triples in Examples 2.7, 2.8, 2.10 and 2.11 in [5] satisfy 
the conditions of Theorem l2.6l The following examples show that the conditions 
in Theorem 12.61 are essential for its validity. 
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Example 2.7 Let ftj = (£T,^T,trT) be the indicial triple for the C*-algebra 
Ct = C(T) discussed in Example 2.7 in [g. By [6, Theorem 2.9], ^2 = 
{C2,F2,tT2) is an indicial triple for the C*-algebra C2 = M2(Ct) = Ct®M2(C), 
where £2 = M2(£t) = Ct'SiM2{C) , F2 = ^t'X)12, (I2 is the identity 2x2 matrix) 
and the trace tr2 : C2 [0, +cxd] is defined as tr2(iy9) = trT(vii) + trT((/322), for 
all ^ = [^ij] G £+. Note that C*(C2, P2) = £2, where P2 = (F2 + l)/2 = Pt«)12- 
There is no characters on the C*-algebra £2- To see this, suppose that there 
exists a character r on £2- Then the mapping M2(C) ^ C, x <—>■ t(1 (g) x) is 
a character on M2(C) which is impossible. Hence, there are no characters on 
the C*-algebra £2- Therefore, we can not drop the commutativity condition in 
Theorem 12.61 

Example 2.8 Let ^2 = (>C2,^2,tr2) be as in Example 12.71 Define the unital 
C*-subalgebra C" = {(p I2 \ <p & Cj} of £. It is easy to show that $^2 is an 
indicial triple for C". Note that the C*-algebra C is commutative but there 
are no characters on £2 as we have seen in Example 12.71 Hence, the condition 
£ = C*(C,P) in Theorem [21] is essential. 

Remark 2.9 Let ft — (£, F, tr) be an indicial triple for the commutative C*- 
algebra C and let P = {F+l)/2. If £ ^ C*(C, P), then we can define the indicial 
triple fl' = {£' , F, tr'), where £' = C*(C, P) and tr' is the restriction of the trace 
tr to £' . Both of these indicial triples has the same Toeplitz elements and the 
same Toeplitz algebra. Moreover, the topological index and the Fredholm index 
will remain unchanged too. Thus, we can apply Theorem 12.61 bv making this 
change in the definition of H. to obtain the character needed for the construction 
in Theorem [2:21 

3 An Index Theorem for Toeplitz Operators on 
the Quarter-Plane 

In this section we return to the case of Toeplitz operators on the quarter-plane 
discussed in the previous section to prove an index theorem for them. Let 
flj = {£j,Fj,trj) be the indicial triple introduced in [51 Example 2.7] for the 
C*-algebra Cj — C(T) and let cut be the unique topological index related to 
ilj. By Theorem 12.61 there exists a character r on £j such that t{Pj) 7^ 0. 

Let Ct2 = C(T^). Then Ct2 = Ct (8) Ct. As in the previous section, we 
set £j2 = £f ^ £j. Since Fj2 — 2Pj2 — 1, where Pf2 = P-^ ® Pf G £f2^ 
then by Theorem 12.21 the triple Oi = {^t^ , ^r^, tri) is an indicial triple for the 
C*-algebra Cf^ , where tri is the lower semicontinuous trace defined as 

tri : £+2 — >[0, 00], tri(a) = (t (g) trT)(a) + 0(trT ® T)(a) (a G £^2), 

where is a fixed positive irrational number (we will see later in CoroUarv 13.61 
the reason for making such a choice for ff). To prove Theorem 13. 51 below we will 
redefine the trace tri. We need the following lemma to do this. 

Lemma 3.1 In the C* -algebra £j, we have JCtv-j. — K(L^(T)) = Com(£T)- 
Proof. By the proof of Theorem 3.3 in [S], we have /Ctri = K(L^(T)). 
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By Lemma 12.51 Com(£T) ^ A^trr- The ideal Com(£T) contains the rank 
one operator [Ptj^;], therefore it contains all rank one operators. Hence, by [3 
Theorem 2.4.6], Com(£T) contains all finite rank operators and this implies that 
K{L2(T)) C Com{CT). Hence, ComiCj) = ICuy □ 

It is easily shown that the C*-algebras Cj ICtrj , A^tri ® a-re ideals in Cj^ . 
Hence, the *-subalgebra 

I = Ct® ICtrt + /CtrT ® Cf ^ {a + b\a <^ Ct® K-tri.b e /Ctr^ ® -Ct} 

is an ideal in Cf2. Moreover, by P, Theorem 3.1.7], / is a closed ideal in 
£t2. Let a e £t,^ e A^tiT- Then |6| G Mt^^, by [3 Proposition Al(a)]. By 
Lemma Em \b\ G /Ctri = Com(£T)- Thus, r(|6|) = 0. Hence, it follows that 
\a®h\ = \a\ ® \b\ G Mt^^. Again by [71 Proposition Al(a)], o (g) 6 e A^tn- 
Thus, Cf ® /CtrT ^ A^tri ■ Similarly, we can show that /CtrT ® >Ct C ICtr^ ■ Hence, 
I Q K^tii- The mapping trT2 : £^2 [0,+oo] is a lower semicontinuous trace 
on Cj2 , where 



Moreover, A^tr^2 = ^- Let fixa be the triple (£72 , -fr^ , trxa ) . If 'Pi,(p2 S C'oti 
then 

d((/3i ® LP2) = 2([Pt, </?!] ® PtV2 + ViPt ® [Pf, V2]) e A^tn H / = A^tr^^ ■ 

Hence, the triple = (£^2 , -Fr^ , trT2 ) is an indicial triple for Cj2 = C(T^). 
Denote by luj2 the unique topological index related to ^j2 . 

Let (p € Inv(CT2). By a theorem of van Kampen [3], there exists tp € Cf2 
and a unique character x on the group such that ip = x^'^ ■ By [H Theorem 
2.2.2], X — z"^ ® z"', for a unique pair of integers m,n G Z. Thus, we have 
(p — (z™ ® z'^)e^ . To calculate the topological index for tp), first note that 
WT2M = wt2((^™ ® z")e''') = wt2(^'" z") + i^T2{e^) = ujt2{z"' ® z"), since 
u}Y2[e'^) = 0. Let uji be the unique topological index on 672 related to the 
indicial triple ili defined above. Since d(z'" ® z") G A^tr 2 1 have 



Hence, we have proved the following theorem. 

Theorem 3.2 If ip €z Inv(CT2), then the topological index of (p is U!j2(ip) = 
9m + n, where m, n are the unique pair of integers such that ip — (z™ ® z"')e^ , 
for some G Cj2 . 

Remark 3.3 It follows immediately from Theorem 13.21 that the value of the 
topological index ujj2 at any ip G Inv(Cx2) is independent of the choice of the 
character r. 




a;T2(z"®z") = -trT2((z"®z")"M(z"®z")) 



= -tri((z"®z")-M(z"®z")) 
= cji(z™0z") 

= 9luj{z"^) + cjt(z") (by Theorem [HH) 

— 9mL0f{z) + nLU']!:{z) — 9m + n (by [6j Example 2.7]). 
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Denote by A'f2 the Toeplitz algebra associated with the indicial triple Qj2 
and denote by TrT2 the restriction of the trace trT2 to Aj2. The C*-algebra 
At2 is ^-isomorphic to the Toeplitz algebra Tj2 generated by Toeplitz operators 
on the quarter-plane defined in the introduction. Thus, we can identify these 
two C*-algebras. By [6l Theorem 3.1], the following theorem is an immediate 
corollary of Theorem 13.21 

Theorem 3.4 //<p S Inv(CT2), then the Toeplitz element associated to the 
indicial triple flj2 for Cj2 is an D,f2 -Fredholm element and the Fredholm index 
of Tip relative to TrT2 is 

indexn^2 (T^) = -9m - n, 

where m, n are the unique integers such that tp = [z"^®z^)e'^ , for some ip G Cf2 . 

The following theorem gives a characterization of fif^ -Fredholm Toeplitz 
elements. Before proving it, we give some properties of the Toeplitz algebra 
AJ2. By [H Proposition 1], AJ2 = At ^ ^t, where .At is the Toeplitz al- 
gebra associated to the indicial triple ilj. By [51 p. 205], there is a unital 
*-homomorphism ttj2 : At2 —>■ Cf2 such that 7rT2(Ti^) = ip, for all ip G Ct2, and 
ker(7rT2) = Com(./lT2), where Co'ni{Aj2) is the closed commutator ideal of Aj2. 
Moreover, by [21 p. 207], 

Com(^T2) = At<E) Com(y^T) + Com(A) .4t. 

From the theory of classical Toeplitz operators, Com(.4T) — PtK(L^(T))Pt = 
JCnf, where Trx is the restriction of the trace trx to Aj. 

Theorem 3.5 Let (p G Ct2. Then the Toeplitz element T^p is an U,Y2-Fredholm 
element if, and only if, p G Inv(CT2). 

Proof. First we show that A^^Tr^a ^ Com(.4T2). If S* G A^Tr,,2 1 then S G 
/Ctr^2 • We can write S = a + b, where a <^ Cy ® K.f[j,b G /CtrT ® -Ct, since 

^tr^2 = Ct® /CtrT + ^tPT ® ^T- 

By density, we can choose two sequences (a„)„>i in Cf A^trr and (6„)ri>i 
in /CtrT ''-'T: such that the sequence a„ — > a and 6„ — > h. It can be shown that 
PfuPf G ^T, whenever u G Cf. Similarly, P^vPf G /CTrT> whenever v G /CtrT- 
Thus, P^2anP's2 G .4t /CxrT Af® /CxrT, for all n>l. Hence, 

Pf2aP-f2 G .4t ^ Com(.4T) ^ Com(.4T2). 

Similarly, we can show that P'f2hPf2 G Com(.4T2). Therefore, S = Pj2SPj2 G 
Com(.4T2). Thus, /Cxr, 2 ^ Com(.4T2) = ker(7rT2). 

Now if Tip is an 17x2 -Fredholm element, then there is an element S G Aj2 
such that both of the elements Py2 — T^pS, Py2 — ST^p belong to the ideal JCtt^^ . 
It follows immediately that p}TTj2{S) — tty2{S)p = 1. Hence, p) is an invertible 
function. The opposite direction follows from Theorem 13.41 □ 

Corollary 3.6 Let p G Cj2. Then the Toeplitz element Tip is an nj2 -Fredholm 
element with indexo ^ (^V) = if, and only if, p = , for some ip G Cj2. 
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Proof. Let e Cj2 and is an riT2-Fredholm element with zero ^Ifi- 
Fredholm index. By theorem [#5l ip £ Inv(CT2). Thus, = (z™ (g) z")e''', 
for a unique pair of integers m, n and for some ^ G Cj-2 . By Theorem 13.41 
—9m — n = indexn(T',^) — 0. Hence, m — n = 0, since 9 is irrational. Thus, 
(f — . The reverse implication is clear. □ 

Remark 3.7 From this corollary we can see the reason for the choice of 9 as 
an irrational positive number. 

In the theory of Toeplitz operators on the unit circle, a Toeplitz operator is 
invertible if, and only if, it is a Fredholm operator and its Fredholm index is zero 
[21 Theorem 3.5.15]. The situation is different in the case of Toeplitz operators 
on the quarter-plane. Every invertible Toeplitz operator on the quarter-plane is 
an r^TS -Fredholm element and its r^TS-index is zero. However, in [2 p. 210] there 
is an example of a function if G Inv(CT2) such that is a Fredholm operator 
in the classical sense and its Fredholm index is zero but is not invertible. 
Therefore, by [H Corollary of Theorem 1], ip — , for some G Ct2. Thus, 
by Theorem 13.41 T^p is an $1^2 -Fredholm element and indexo ^ [T^p) — 0. Hence, 
there is an $172 -Fredholm Toeplitz element such that its TrT2 -index is zero but it 
is not invertible. However, we can show that an -Fredholm Toeplitz element 
with zero TrT2 -index has a property weaker than invertibility. We give this 
property in the following proposition. 

Proposition 3.8 Let ip G Cfi and let be an il,f2- Fredholm element such 
that indexj2^2 (Tip) = 0. Then there exists an invertible element S £ Aj2 such 

that ~ S £ /Cxr^a • 

Proof. By CoroUarv 13.61 f = ^"^ ^ for some -0 £ Cj2. Let 11^2 : Af2 Ct2 
be the unique *-homomorphism such that 7rT2(r^) = p, for all ip £ Ct2. Then 
tty2{T^) = e^ . If we choose 5*0 £ A's2 such that 7rT2(5o) = V'; then 7rT2(e"^'') = 
g7r(So) = e'^ = 7rT2(T^). Thus, - e^° £ /Ctt^^. Thus, we have proved our 
result since e^" is an invertible element in AT2. □ 

Remark 3.9 We have defined Toeplitz operators on iJ^(T^) in the introduc- 
tion. Using Theorem 12. 31 we can establish an index theorem for these operators 
similar to the one we have proved for Toeplitz operators on the quarter-plane. 
The construction and proofs are similar. 

Now we come to the extension of the previous results to Toeplitz operators 
with matrix symbols acting on the Hardy space i?^(T^) = ©^^i i?^(T^) defined 
in the introduction. Let ilj2 be the indicial triple for C(T^) defined above. 
Define Cn = Mw(C(T2)) = C(T2) ® ]V[iv(C), Cn = Mn{Ct2) = Cf2 ®MAr(C) 
and define the trace trjv : [0, -|-c»] as trAr([aij]) — X^iLi trT2(aii), where 

[ttij] £ Cj^. Let Fn — FJ2 ® Iat, where Iat is the unit element in the algebra 
Mjv(C). Note that Pn = (i^Ar + l)/2. Then, by Theorem 2.9], = 
(Z^AT, Fjv, trjv) is an indicial triple for Cn. Moreover, if $ S Inv(Cjv), then 
det $ is a non- vanishing function on and uj^i^) — ujf2{det^) ~ 9m + n, 
where m,n are the unique integers such that det $ = (z™ (g) z")e'^ , for some 
ijj £ C'j2 and lon is the topological index related to Qn- Let An be the Toeplitz 
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algebra related to fl^ and let TrAr be the restriction of the trace trAr to ^at. 
Now we prove the index theorem for Toeplitz operators with symbols belonging 
to Cn- 

Theorem 3.10 Let $ g C^v- Then T$ is an n^-Fredholm operator if and only 
if det (f> is non-vanishing on and in this case we have 

indexAr(T$) = —9m — n, 

where m,n are the unique integers such that det <!> = (z™ O z'^)e^ , for some 
ip € Cj2 and index at is the Ti n -index mapping. 

Proof. We define the unital *-homomorphism tt^ ■ An Cn, such 
that ttn{S) — ['Kf2{sij)], where S — [sy] G An- That is, ttn is the infla- 
tion homomorphism of ttj2. It is easy to show that 7rAr(T$) — <i>, for all 

G Cn and ker(7rA^) — MAr(ker(7rT2)). By some matrix manipulations, we 
can show that A1ti„ Q ^n{Mti^2)- Hence, by the proof of Theorem 13. 5[ 
/Cty„ C Mw(/Cti.,J ^ Mjv(ker(7rT2)Y 

Let $ € Cn such that T$ is an ilAr-Fredholm operator. Then there exists 
S e An such that Pn - ST^,Pn ~ T^S G /Ct,™. Hence, 1 - irNiS)^ = 
1 — ^ttn{S) = 0. Thus, it follows immediately that det $ is a non- vanishing 
function on T^. The rest of the assertions follow immediately from ,6^ Theorem 
3.1] and the paragraph preceding this theorem. □ 



References 

[1] C. A. Berger and L. A. Coburn, Wiener-Hopf operators on U2, J. Integr. 
Equ. Oper. Theory 2 (1979), 139-173. 

[2] R. G. Douglas and R. Howe, On the G* -Algebra of Toeplitz Operators on 
The Quarter-Plane, Trans. Amer. Math. Soc. 158 (1971), no. 1, 203-217. 

[3] G. J. Murphy, Q* -Algebras and Operator Theory^ Academic Press, San 
Diego, 1990. 

[4] G. J. Murphy, Fredholm Index Theory and the Trace, Proc. Royal Irish Acad. 
94A (1994), 161-166. 

[5] G. J. Murphy, The Index Theory Associated to a Non-Finite Trace on a 
C* -Algebras, Canadian Math. Bull. 48 (2005), no. 2, 251-259. 

[6] G. J. Murphy, Topological and Analytical Indices in C* -Algebras, J. Funct. 
Anal. 234 (2006), 261-276. 

[7] J. Phillips and I. Raeburn, An Index Theorem for Toeplitz Operators with 
Noncommutative Symbol Space, J. Funct. Anal. 120 (1994), 239-263. 

[8] W. Rudin, Fourier Analysis on Groups, Interscience Publications, New York 
and London, 1962. 

[9] E. van Kampen, On Almost Periodic Functions of Constant Absolute Value, 
J. London Math. Soc. 12 (1937), 3-6. 



12 



